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Particulate have complex geometries, requiring complex meshing

The 1st Challenge

Li et al. (2016) Portrait and Classification of Individual Haze Particulates. Journal of Environmental Protection, 7, 1355-1379.

Slow-moving particles have a long-range influence, and require 
very large domains.

Finite-volume method not very efficient for single particulate, 
and not tractable for large numbers of interacting particles.



What is the flow response to a point forcing?


• Can be used to solve the Stokes eqns with a point force (f):

r · v = 0 (4a)

rp� µr2v = f�(r) (4b)
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What is the flow response to a point forcing?


the Stokeslet


• Can be used to solve the Stokes eqns with a point force (f):

r · v = 0 (4a)

rp� µr2v = f�(r) (4b)
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Going beyond the Stokes equations

Boltzmann equation too expensive; Navier-Stokes too inaccurate.
Extended continuum equations offer a best-of-both-worlds solution



Continuum equations derived from the Boltzmann equation
Grad’s 13-moment equations (and Regularised set, R13) 
obtained from Hermite polynomial expansion of the velocity 
distribution function about a local equilibrium state
Linearised steady form of Grad’s 13 moment equations:

2 D. A. Lockerby and B. Collyer

From hereon, we non-dimensionalise variables using appropriate combinations of ⇢̂e,
✓̂e and L̂ , e.g.:

v = v̂/

q
✓̂e , S = Ŝ/(⇢̂e✓̂e) , r = r̂/L̂ , q = q̂/[⇢̂e✓̂

3/2
e ] , [3] (2.3)

where L̂ is some characteristic length scale and r̂ is a position vector. We take this
opportunity to define a Knudsen number

Kn =
�̂e

L̂
=

r
⇡

2✓e

µ̂e

⇢̂eL̂
[4] (2.4)

where �̂e and µ̂e are the mean free path and dynamic viscosity at the equilibrium state,
respectively. As in [], we also define a scaled Knudsen number, which we adopt purely
for notational convenience:

Kn
0 =

p
2/⇡Kn. [5] (2.5)

In sections ()(), we seek solutions to the conservation equations alongside three di↵erent
forms of closure: Navier-Stokes-Fourier ()-(); Grad’s 13 moments ()-(); and the regularised
13-moment equations (R13) ()-().

In sections ()-() the flowfield is that generated by a point body force:

r · v = 0 (2.6a)

rp + r · S = f�(r) (2.6b)

r · q = 0 [6] (2.6c)

where � is the dirac delta function, and f�(r) represents a point force (f̂=⇢̂e✓̂eL̂2f) at
the origin (r = 0). If all flow variables tend to their equilibrium values as krk ! 1
an analytical solution can be obtained — if the Navier-Stokes closure is adopted, this
solution is the Stokeslet (see §**). To arrive at the simplest non-trivial solution, a constant
temperature is prescribed, such that (2.2) becomes p = ⇢.

In a similar vein, in Sections (),() and () fundamental solutions are sought by intro-
ducing a point heat source into the energy equation:

r · v = 0 (2.7a)

rp + r · S = 0 (2.7b)

r · q = g �(r) [7] (2.7c)

where g �(r) represents a point heat source at the origin (ĝ = ⇢̂e✓̂
3/2
e L̂2g). Again, it

is assumed that all flow variables tend to their equilibrium values as krk ! 1. In
these cases, to be complementary to the solutions obtained in (), constant pressure and
stationary solutions are sought (which from (2.2) implies ✓ = �⇢).

The derivation of the Stokeslet in §2.1 is well documented [*,*], in a variety of forms,
but which we have included for completeness and to aid the exposition of later derivations.

2.1. The Stokeslet [D1]

In this section we wish to find an isothermal solution to the conservation equations
(2.6a)-(2.6c) closed by the Navier-Stokes-Fourier constitutive relations:

S = �2Kn
0 rv, (2.8a)

q = �(15/4)Kn
0r✓. [8] (2.8b)
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Finally, the Stokeslet stress tensor is obtained directly from the constitutive relation
(2.8a):

SSt = �2Kn
0 rvSt (2.19a)

= �f · r
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2.2. The Gradlet

We now find a solution to the conservation equations (2.6a)-(2.6c), but with the lin-
earised form of Grad’s 13-moment equations replacing the Navier-Stokes-Fourier closure:

S = �2Kn
0rv � 4

5Kn
0rq , (2.20a)

q = � 15
4 Kn

0r✓ � 3
2Kn

0r · S . [32] (2.20b)

Adopting the naming convention of Hancock, we refer to the isothermal solution of (2.6)
and (2.20) as the Gradlet, and use a superscript ‘Gr’ to denote the various components
of the solution.

Given the conservation equations are unchanged by the introduction of an alternative
constitutive relation, a solution to the momentum equation (2.6b) is as derived in §2.1,
i.e.

SGr = SSt, (2.21a)

pGr = pSt. [33] (2.21b)

What remains is to find velocity and heatflux vector fields to satisfy equations (2.6a),
(2.6c), (2.20a) and (2.20b). The heat flux comes directly from substitution of (2.19b) and
(2.21a) into (2.20b):

qGr = �3

2
Kn

0r · SSt, (2.22a)

=
3Kn

0
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Note, this is an isothermal heatflux (since ✓ = 0): a heat flow generated by the divergence
of stress rather than a temperature variation.

Now we seek the the associated velocity field. Substitution of (2.19a) and (2.21a) into
(2.20a) produces

rvGr = rvSt � 2

5
rqGr [35] (2.23)

which given the velocity and heatflux fields must be divergence free ((2.6a) and (2.6c)),
gives us the Gradlet velocity:

vGr = vSt � 2

5
qGr (2.24a)

= vSt � 3Kn
0

20⇡
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2.3. The Reglet

In this section we consider the regularised form of Grad’s 13 moment closure, the R13
equations []. In non-dimensional and linearised form these are

S = �2Kn
0rv � 4

5Kn
0rq + 2

3Kn
02 ��S + 6

5rr · S
�
, (2.25a)
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The linearised G13 equations
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2.2. The Gradlet
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Adopting the naming convention of Hancock, we refer to the isothermal solution of (2.6)
and (2.20) as the Gradlet, and use a superscript ‘Gr’ to denote the various components
of the solution.

Given the conservation equations are unchanged by the introduction of an alternative
constitutive relation, a solution to the momentum equation (2.6b) is as derived in §2.1,
i.e.

SGr = SSt, (2.21a)

pGr = pSt. [33] (2.21b)
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Note, this is an isothermal heatflux (since ✓ = 0): a heat flow generated by the divergence
of stress rather than a temperature variation.

Now we seek the the associated velocity field. Substitution of (2.19a) and (2.21a) into
(2.20a) produces

rvGr = rvSt � 2

5
rqGr [35] (2.23)

which given the velocity and heatflux fields must be divergence free ((2.6a) and (2.6c)),
gives us the Gradlet velocity:
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2.3. The Reglet
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Linearised steady form of Grad’s 13 moment equations:
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stationary solutions are sought (which from (2.2) implies ✓ = �⇢).

The derivation of the Stokeslet in §2.1 is well documented [*,*], in a variety of forms,
but which we have included for completeness and to aid the exposition of later derivations.

2.1. The Stokeslet [D1]

In this section we wish to find an isothermal solution to the conservation equations
(2.6a)-(2.6c) closed by the Navier-Stokes-Fourier constitutive relations:

S = �2Kn
0 rv, (2.8a)

q = �(15/4)Kn
0r✓. [8] (2.8b)

G13

= f �(r) ,

= g �(r)

Fundamental solutions to G13 equations



G13 boundary conditions
The velocity boundary condition:
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The Oseen tensor, J, can be identified as the Stokeslet component of the Gradlet
velocity. Fields generated by the superposition of the Thermal Gradlets (one at each
of the same N sites) are obtained similarly, e.g. for temperature:

✓ =

NX

i=1

gi

15pKn0krik
. (4.5)

In summation, the N Gradlets and N Thermal Gradlets, describe a thermal flow field
that is defined by 4N degrees of freedom: the magnitude of gi and three components
of f

i
, for each of the N singularity sites. Once these unknowns are established, by

appropriate boundary conditions, the entire flow field is described.

4.2. Boundary conditions

We adopt the standard boundary conditions for Grad’s 13-moment equations, taken
from Gu & Emerson (2007), for diffusely reflecting boundaries and with nonlinear
and regularisation terms omitted. Evaluated at the jth boundary node, they read:

vj = vw,j �

r
p

2
nj · Sj · (I � njnj) �

1
5

q
j
· (I � njnj), (4.6a)

✓j = ✓w,j �
1
2

r
p

2
nj · q

j
�

1
4

nj · Sj · nj, (4.6b)

where the subscript ‘w’ denotes a wall temperature/velocity boundary condition
(distinct from the gas temperature/velocity) and nj is the unit vector normal to the
solid surface at the jth boundary node.

Using the relevant expressions derived in §§ 2.2 and 2.4 for the Gradlet and Thermal
Gradlet, flow variables can be evaluated at the jth boundary node:

vj =

NX

i=1

f
i
· (J(rij) + K (rij)), (4.7a)
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NX
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gi

15pKn0krijk
, (4.7b)
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girij

krijk
3
. (4.7d)

Substitution of (4.7) into (4.6), and evaluating at each of the N boundary nodes (i.e.
j = 1 to N), produces a system of 4N linear equations with 4N unknowns; this can be
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The temperature boundary condition:
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Figure 9: Results from the MFS-MoR for all Kn studied, assuming all orientations are equally likely,
with shaded area showing the range where 95% of all results fell within. Dashed line shows the

power law given by Sorensen (2011).
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Figure 10: Comparison of the MFS-MoR results with Rm based on ⇣ (Equation (28)), and �min

with the numerical and experimental works outlined in Table 2.
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